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Abstrat
The non-abelian generalization of the Born-Infeld non-linear lagrangian is ex-
tended to the non-ommutative geometry of matries on a manifold. In this ase
not only the usual SU(n) gauge elds appear, but also a natural generalization of
the multiplet of salar Higgs elds, with the double-well potential as a rst approx-
imation.
The matrix realization of non-ommutative geometry provides a natural frame-
work in whih the notion of a determinant an be easily generalized and used as the
lowest-order term in a gravitational lagrangian of a new kind. As a result, we obtain
a Born-Infeld-like lagrangian as a root of suiently high order of a ombination of
metri, gauge potentials and the salar eld interations.
We then analyze the behavior of osmologial models based on this lagrangian.
It leads to primordial ination with varying speed, with possibility of early deel-
eration ruled by the relative strength of the Higgs eld.
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1 Introdution
1.1 The origin of the Born-Infeld lagrangian
Among numerous osmologial models using salar eld as a soure of primordial osmi
energy and the subsequent ination there is usually no limit on the eld strength: as
a matter of fat, the salar eld Φ an take on arbitrarily high values. This is true
in partiular for the simplest model with V (φ) = λφ2 (φ2 − γ2) double well potential.
However, one may point out that priniples of quantum eld theory, when ombined with
General Relativity, should lead to the existene of a ut-o for any eld's value, beause
at ertain intensity the very notion of spae and time will not be valid anymore. More
preisely, it is beause Heisenberg's unertainty priniple indues a spontaneous birth of
blak holes, when applied to the gravitational eld.
This is why it seems reasonable to investigate theories in whih suh a ut-o is
inorporated from the very beginning. First suh attempt onerned exlusively the
eletri eld, whose innite value at r → 0 in the Coulomb law should be avoided in
order to keep the energy nite.
To this purpose, G. Mie [1℄ introdued the notion of maximal eld strength, E0, in
order to make it impossible for any eletri eld to go beyond this value. He modied
Maxwell's theory by introduing the following non-linear lagrangian density for pure
eletri eld:
L =
√
1− E
2
E20
. (1)
Although the non-linear theory derived from this lagrangian enabled Mie to obtain a
non-singular, nite energy solution, it was lear that suh a lagrangian an not represent
a Lorentz-invariant theory, espeially that from the beginning there was no magneti eld
ontribution at all. This is why Born and Infeld [2℄ introdued a Lorentz-invariant la-
grangian density (when onstruted on a pseudo-Riemannian manifold, it is also invariant
under dieomorphisms), dened as follows:
LBI(g, F ) = LBI(g, F )
√
|g| = β2
(√
| det(gµν)| −
√
| det(gµν + β−1 Fµν ) |
)
= β2
(
1−
√
1 +
1
β2
(B2 − E2)− 1
β4
(E ·B)2
)√
|g| . (2)
The onstant β appears for dimensional reasons and plays the role of the upper limit of
the eletri eld in Mie's non-linear eletrodynamis. Dening
P =
1
4
Fµν F
µν and S =
1
4
Fµν F˜
µν , with F˜ µν =
1
2
ǫµνλρ Fλρ
the Born-Infeld lagrangian an be reast in a simple form:
LBI = β2
[
1−
√
1 + 2P − S2
]
(3)
1
The idea of a non-abelian generalization of Born-Infeld theory lagrangian has been in
the air already at the end of the seventies. Hagiwara has disussed various possibilities
in [3℄, however, he did not try to nd soliton-like solutions. In 1997 Tseytlin [4℄ argued in
favour of the symmetrized trae presription whih reprodued in the rst 4 orders the
string eetive ation for gauge potential. Finally Park [5℄ introdued yet another non-
abelian generalization and investigated qualitative behavior of instanton-like solutions.
It is interesting to note that the non-ommutative generalizations of geometry of the
spae-time lead quite naturally to this lass of lagrangians.
1.2 Arguments in favour of non-ommutative geometry
Simultaneous onsideration of the two most important new physial theories of this en-
tury, General Relativity and Quantum Mehanis, have not yet produed a ommon tool
for the desription of the nature of spae-time at the mirosopi level. The General Rel-
ativity develops our knowledge about global properties of spae and time at very large
distanes, and raises questions onerning the global topology of the Universe.
The methods of Dierential Geometry, the best adapted mathematial language of
this theory, are very dierent from the methods of Quantum Physis, in whih one stud-
ies the properties of the algebra of observables, onsidering the state vetors, as well as
geometri points and trajetories, as artefats and seondary notions. This approah has
been inspired by the works of John von Neumann [9℄, and has muh in ommon with the
non-ommutative geometry, where the very notion of a point loses its meaning.
There are several well-known arguments in favour of the point of view aording to
whih the dynamial interplay between Quantum Theory and Gravitation should lead to
a non-ommutative version of spae-time. Let us reall the most frequently ited ones:
* A semi-lassial argument that involves the blak hole reation at very small
distanes: as a matter of fat, if General Relativity remains valid at the Plank sale,
then any loalization of events should beome impossible at the distanes of the order
of λP =
√
~G
c3
. Indeed, aording to quantum mehanial priniples, to loalize an event
in spae-time within the radius ∆ xµ ∼ a, one needs to employ energies of the order of
a−1. When a beomes very small, the reation of mini blak holes beomes possible,
thus exluding from the observation that portion of the spae-time and making further
loalization meaningless. Therefore, the loalization is possible only if we impose the
following limitation on the time interval:
∆ x0 (Σ∆ xk) ≥ λ2P and ∆ xk ∆ xm ≥ λ2P . (4)
in order to avoid the blak hole reation at the mirosopi level.
** The topology of the spae-time should be sensitive to the states of the elds
whih are in presene - and vie versa, quantum evolution of any eld, inluding gravity,
should take into aount all possible eld ongurations, also orresponding to the elds
existing in spae-times with radially dierent topologies (a reation of a blak hole is
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but the simplest example; one should also take into aount other exoti ongurations,
suh as multiple Einstein-Rosen bridges (the so-alled wormholes), leading in the limit
of great N to the spae-time foam).
Now, as any quantum measurement proess may also lead to topologial modia-
tions, again the oordinates of an event found before and after any measurement an not
be ompared anymore beause they might refer to unompatible oordinate pathes in
dierent loal maps. As a result, quantum measures of oordinates themselves beome
non-ommutative, and the algebra of funtions on the spae-time, supposed to ontain
also all possible loal oordinates, must be replaed by its non-ommutative extension,
better adapted to desribe the spae-time foam.
*** Sine the oordinates xµ are endowed with a length sale, the metri must enter
at ertain stage in order to measure it. After quantization, the omponents of the tensor
gµν beome a set of dynamial elds, whose behavior is determined by the propagators
and, at least at the lowest perturbative level, by two-point orrelation funtions. As any
other eld, the omponents of the metri tensor will display quantum utuations, making
impossible preise measurements of distanes, and therefore, any preise denition of
oordinates. Let us now onsider possible onsequenes of the above assumptions.
2 The Non-ommutative Born-Infeld lagrangian
2.1 Non-Commutative Einstein-Hilbert lagrangian
Let us assume therefore that at the Plank sale not only the positions and momenta
do not ommute anymore, but also the oordinates themselves should belong to a non-
ommutative algebra. As a diret onsequene, all funtions of oordinates that served
to desribe various geometrial quantities should also belong to this algebra, although
some of them an belong to its enter and ommute between themselves.
The non-ommutativity of oordinates means also that the notion of distane between
two points of spae-time an not remain symmetri: if the quantum indetermination
priniple applies to the measurements of positions, then there is no guarantee that the
distane mesured rst from a point A to its neighbor B will remain stritly the same
when we try to measure next the distane from B to A. This amounts to the introdution
of a non-symmetri metri tensor, gij 6= gji. In his eorts to reate a general eld
theory unifying gravity with other elds Einstein onsidered suh a possibility in his
late years, but without quantum theoretial motivation, and his investigations remained
purely lassial.
Now, ombining two diret onsequenes of non-ommutative harater of spae-time
oordinates and their funtions leads quite naturally to the following general form of the
metri tensor:
gij = g
0
ij + Gˆij + f
0
ij + Fˆij, (5)
In this formula we have separated the ommutative and non-ommutative parts, as well
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as the symmetri and antisymmetri parts: the terms g0ij and f
0
ij are supposed to belong
to the enter of our hypotheti non-ommutative algebra replaing the usual algebra of
smooth funtions of oordinates, with g0ij = g
0
ij and f
0
ij = −f 0ji. The terms denoted
by apital letters orrespond to the non-ommutative operators with similar symmetry
properties of their tensor indies,
Gˆij = Gˆji and Fˆij = −Fˆji. (6)
Assuming that both non-standard eets, the asymmetry of the metri tensor and the
non-ommutative harater of its omponents are oming from the same quantum soure
whose manifestations beome detetable only on Plank's sale, it is natural to assume
that the ommutative part of gij is symmetri, whether the skew-symmetri part is also
a genuine non-ommutative operator. This leads us to the onlusion that it is enough
to keep only two terms in the expression 5:
gij = g
0
ij + Fˆij, (7)
Here g0ij also belongs to the non-ommutative algebra of operators, but it remains in its
enter and should ommute with everything else. Having this point made lear, we shall
drop the distintive upper signs and use the simplied notation gij + Fij, remembering
the partiular harater of eah term.
Thus the quantum theoretial arguments lead us naturally to the generalized form
of metri that served as the basi ingredient in the Born-Infeld generalization of eletro-
magneti lagrangian.
The generalized metri tensor should be now used in order to produe a new vari-
ational priniple dening the dynamial behavior of elds. We should follow the usual
sheme whih onsists in onstruting the series of invariants of metri tensor starting
from the lowest order whih is the volume element. In lassial dierential geometry one
has:
δS = δ
∫ [
Λ
√
g +
1
G
R
√
g + γ (RijkmRijkm − 4RijRij +R2)√g + ...
]
(8)
where g denotes the determinant of gij so that
√
g denes the volume element in loal
basis; R is the Riemann salar, the next term is the Gauss-Bonnet invariant, and so forth.
The oeients Λ, 1/G and γ dene the relative strength of eah ontribution. We see
now that the rst term in the integrand has the form of the Born-Infeld lagrangian,
and is probably a good andidate for Plankian generalization of Einstein's osmologial
term. Taking into aount the relative strengths of known lassial elds, it is lear that
the skew-symmetri tensor Fij appearing in the generalized metri does not desribe the
lassial eletromagneti eld, but rather the quantum eld eets responsible for the
early behavior of the Universe right after the Big-Bang.
As in the Kaluza-Klein type theories, one an also expet the ontribution of the
F -eld oming from the next term ontaining the Riemann salar; however, they enter
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only through their rst and seond derivatives, as all other omponenets of the metri
tensor, therefore they will alter only the derivative part of the lagrangian, and not the
salar potential part found in the osmologial term.
In what follows, we shall expose in a onise way, on the example of the simplest nite
non-ommutative algebra, whih is the algebra of omplex n×n matries, how almost all
the notions of usual dierential geometry an be extended to the non-ommutative ase.
We shall also show how the gauge theories and the analogs of the bre bundle spaes and
Kaluza-Klein geometries an be generalized in the non-ommutative setting. The nite
version of non-ommutative geometry is also the best adapted for the generalization of the
determinant of metri tensor needed for the onstrution of the Born-Infeld lagrangian.
2.2 The Non-Commutative Matrix Geometry
We shall generalize now the non-ommutative Maxwell theory developed in [16℄ in order
to obtain a Born-Infeld like theory. Let us resume the notations and language of the
theory. We onsider the algebra A = C∞(V )⊗Mn( C) with the vetor elds spanned
by the derivations of C∞(V ) and inner derivations of Mn(C). The dierential algebra is
generated by the basis of linear 1-forms ating on the derivations. In order to onstrut
a gauge theory, we must onsider a nite projetive module over A. By analogy with the
Maxwell theory, we will onsider the simplest one, i.e. the free module of rank 1 over
A, whih an be identied with A itself. Then one denes a gauge by the hoie of a
unitary element e of A, satisfying h(e, e) = 1, with h an hermitian struture on A. Then
any element of A an be written in the form em with m ∈ A and a onnetion on A is
a map:
∇ : A → Ω1(A), e m 7→ (∇e) m+ e dm (9)
In the gauge e, the onnetion an be ompletly haraterized by an element ω of Ω1(A):
∇e = e ω .
One an also deompose ω in vertial and horizontal parts:
ω = ωh + ωv with ωh = A, ωv = θ + φ (10)
Here A is like the Yang-Mills onnetion, whereas θ is the anonial 1-form of the matrix
algebra, and plays the role of a preferred origin in the ane spae of vertial onnetions.
It satises the equation:
dθ + θ2 = 0
Then φ is a tensorial form and an be identied with salar eld multiplet.
Choosing a loal basis of derivations of A: {eµ, ea}, where for onveniene eµ are outer
derivations of C∞(V ), and ea = ad(λa), with {λa} a basis of anti-hermitian matries of
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Mn(C), are inner derivations.
The dual basis will be denoted by {θµ, θa}. In this partiular basis, we have:
A = Aµθ
µ , θ = −λaθa , φ = φaθa
If we hoose the onnetion to be anti-hermitian, we an write φ = φbaλbθ
a
. The urvature
tensor assoiated with ω is :
Ω = dω + ω2
we an also dene the eld strength:
F = dA+ A2 .
Then by "dimensional redution" one an identify:
Ωµν = Fµν Ωµa = Dµφa
Ωaµ = −Dµφa Ωab = [φa, φb]− Ccabφc
where Ccab are the onstant struture in the {λa} basis.
A gauge transformation is performed by the hoie of a unitary element U of Mn(C),
satisfying h(eU, eU) = 1. Then in the gauge e′ = eU
ω′ = U−1ωU + U−1dU
θ is invariant under gauge transformations, then
A′ = U−1AU + U−1dU, φ′ = U−1φU
2.3 The non-ommutative version of the Born-Infeld lagrangian
In this setion, we will essentially reall the non-ommutative generalization of the Born-
Infeld lagrangian proposed in [6℄. By analogy with the abelian ase, we want the la-
grangian to satisfy the following properties:
1) One should nd the usual NC Yang-Mills-Higgs theory in the limit β →∞
2) The (non-abelian) analogue of the eletri eld strength should be bounded from
above when the magneti omponents vanish.
(To satisfy this partiular onstraint, we must ensure that the polynomial expression
under the root sign should start with terms 1− β−2(Ea)2 + ... when Ba = 0 )
3) The ation should be invariant under the ation of the automorphisms of A (it
inludes dieomorphisms and gauge transformations).
4) The ation must be real.
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This enables us to introdue the following generalization of the Born-Infeld lagrangian
density for a non-ommutative gauge eld:√
det |g| − {| det(1⊗ g + J ⊗ Ωˆ|}1/4n (11)
and Ωˆ = ΩαβLˆαβ with Lˆαβ the generators of the fundamental representation of SO(4 +
n2 − 1), Ωαβ are the omponents of the urvature dened in previous setion, and then
are anti-hermitian elements of M(n,C). In the expression above, J denotes a unitary
2× 2 matrix satisfying J2 = −12, thus introduing a quasi-omplex struture.This extra
doubling of tensor spae is neessary in order to ensure that the resulting lagrangian is
real. At the same time, it raises the degree of the polynomial under the root up to 4n.
We are left with the root of order 4n, so that the invariane of our ation under the
spae-time dieomorphism is preserve.
Let us reall a few arguments in favour of this onstrution:
The simplest way to generalize the Born-Infeld ation priniple in the framework
of the non-ommutative matrix geometry seems at rst glane the substitution of real
numbers by orresponding hermitian operators, like in quantum mehanis. Then one
would arrive at the following expression:{
iFµν ! F
a
µν ⊗ Ta
gµν ! gµν ⊗ 1n , (12)
where 1n and iTa are n × n hermitian matries. What remains now to make the gen-
eralization omplete, is to extend the notion of determinant taken over the spae-time
indees in the usual ase, i.e. the determinant of a 4 × 4 matrix, to a notion of deter-
minant taken in the tensor produt of derivations and matrix indees of the algebra A.
Then one would replae the objets in (2) following the proedures in (12) but it leads
to a omplex lagrangian. In order to avoid this problem, it is neessary to start from an
other form of the usual Born-Infeld lagrangian:
SBI [F, g] =
∫
R4
β2
(√
|g| −
∣∣∣detC (12 ⊗ gµν + β−1 Jˆ ⊗ iFµν ) ∣∣∣ 14
)
d4x , (13)
where Jˆ is a 2×2 unitary matrix whose square is equal to −12. With the orrespondene
displayed in (12), we arrive at the ation priniple displayed in (11) whih satises all
the requirements we asked for, 1), 2), 3) and 4).
The lagrangian in (11) ontains the ontribution of two types of elds: the lassial
Yang-Mills potential, A = Aµθ
µ
, orresponding to the usual spae-time omponents of
the onnetion one-form, and the salar multiplet oming from its matrix omponents
φ = φaθ
a = φbaλbθ
a
. In the ase when φ = 0, this lagrangian oinide with the one studied
in [7℄. For osmologial onsiderations, we willrestrit ourselves to a qualitative analysis
of the ase when the spae time omponents of Ω do vanish Fµν = 0, leaving only the
ontribution of salar multiplet degrees of freedom.
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2.4 The redued lagrangian for salar elds
Let us reall the notations whih will be used in the subsequent alulations. The basis
of matrix representation of the SU(2)-algebra is hosen as follows:
λa = −iσa λaλb = −δab +
∑
c
ǫabcλc [λa, λb] = C
c
ab = 2ǫabcλc (14)
Now we have to evaluate the determinant of the following matrix:∣∣∣∣ 1 iDφˆ−iDφˆ 1 + iHˆ
∣∣∣∣ (15)
where
Hˆ =
{
Ωˆab
}
a,b=1,2,3
, Dφˆ =
{
Dµφˆa
}
a=1,2,3µ=0,1,2,3
(16)
From now on, we hoose the simplest ansatz
1
with one salar eld only:
φ = ϕ θ
After some algebra, we get the following result:
L = 1− {1 + 6(Dϕ)2 + 9(Dϕ)4 + 16ϕ2(ϕ− 1)2} 14 √1 + 4ϕ2(ϕ− 1)2 (17)
In [7℄ we have introdued a new non-abelian generalization of the Born-Infeld la-
grangian, and found a family of non-singular soliton-like solutions, using 't Hooft's ansatz
for the SU(2) gauge potential. In [6℄, we have generalized this approah in order to in-
lude salar multiplets arising naturally in the non-ommutative geometry of matrix
valued funtions. In the ase when all degrees of freedom are redued to a single salar
eld ϕ, we have investigated homogeneous time dependent solutions. As expeted, the
regular trajetories in the phase spae (ϕ, ϕ˙) turn out to be omprised in a nite domain,
thus onrming the existene of a nite bound on eld strength. This partiular behavior
of the Born-Infeld like salar eld makes us believe that it an be used in the framework
of osmologial models on a footing similar to the so alled inaton eld.
This lagrangian will beome the rst ingredient for the osmologial model we want
to introdue. The next termin the lagrangian will be the usual Riemann salar term
providing the minimal interation with the salar Born-Infeld eld through ovariant
derivatives and through the diret oupling with the symmetri part of metri tensor and
interations with the Yang-Mills elds.
1
A detail analysis of other possible ansatzs is performed in [8℄
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3 Non-ommutrative Born-Infeld osmology
3.1 General onsiderations
The study of Born-Infeld lagrangians both in the abelian [9℄ and the non-abelian [10℄
ase or as ondensates [12℄ has been widely developed in the last few years in relation
with string theory, where Born-Infeld type lagrangians appear in a natural way [13, 14℄.
Inidentally, salar elds an be introdued in dient ways in this ontext by onsidering
the so-alled Dira-Born-Infeld (DBI) ation wih ould be relate to the usual Born-Infeld
ation by T -duality and dimensional redution. Then the ation we are onsidering an
be seen as a non-ommutative matrix DBI ation.
It has been argued that the U(1) ase shows the problem of the axial symmetry
indued by the eletromagneti eld Fµν whih forbids homogeneous spae-time solutions.
On the other side in the framework of a non-abelian gauge theory spherial symmetry
an be restored and a osmologial model in the standard FRW metri an be analyzed
[14, 10℄. In this ase some interesting results have been obtained. In fat it has been
demonstrated that this kind of lagrangian an furnish an inationary sheme [10℄ or
provide a theoretial framework to the phantom eld models [12℄ introdued in several
theoretial attempts to explain the dark energy [18, 19, 20, 21℄.
The introdution of a salar multiplet, redued to one [6℄, inside the SU(2) gauge group,
goes in this diretion, so that in the following we will onsider a standard FRW metri
as the gravitational framework of our osmologial model. One may think that this kind
of salar eld ould drive the rst stages of the evolution of the universe.
The most widely aepted sheme is to onsider a salar eld rolling down in its po-
tential well slowly enough to provide a osmologial onstant like term in a rst phase,
driving an exponential expansion. In a seond phase the salar eld deays in a true
vauum onguration osillating oherently around the minimum of its potential and
transferring its energy to the standard matter elds (reheating). Many approahes have
been proposed in time (old ination, new ination, [27℄, haoti ination [28℄, see [29℄ for
a review) also with ompletely dierent mehanism (Starobinsky salaron [30℄).
The Born-Infeld salar eld may be interpreted just as an eetive bosoni eld onden-
sate and not a fundamental eld.
In our model we shall onsider minimal oupling with gravity, obtained by adding the
usual Einstein-Hibert lagrangian of gravitational eld, and by replaing in Euler-Lagrange
equations all derivatives by their ovariant ounterparts. The lagrangian density will be
L = Lncbi(φ, ∂µφ, gµν) + 1
4πG
R . (18)
The Born-Infeld type salar eld lagrangian Lncbi ontains two parameters: the maximal
value of the eld strength β and the harateristi mass γ of the salar eld. Together
with Newton's onstant G, our problem will ontain 3 expliit parameters with dimension
of mass. By letting G→ 0 the gravitational interation is deoupled and we reover the
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model of salar Born-Infeld eld studied reently in [6℄. We an also reover the usual
φ4 theory when the parameter β tends to innity. In what follows, a systemati study of
the dependene of the osmologial model on the three aforementioned parameters will
be presented.
3.2 Cosmologial model with Born-Infeld salar eld
The lagrangian (17) an be write after a resaling of the salar eld:
Lncbi = β2
{
1−
[(
1− β−2φ˙2(t)
)2
+
16
9
β−2
(
−
√
3γ + φ(t)
)2]1/4
√
1 +
4
9
β−2
(
−
√
3γ + φ(t)
)2
φ2(t)
}
(19)
where the parameter β is the analog of the BI uto for the non linear eletromagneti
theory while γ gives aount of the mass-shell of the salar eld and depends from the
non ommutative algebra onsidered for the gauge group. It is obvious that suh a model
ontains in itself the φ4 theory 2 so we expet to obtain a standard behavior when the
Born-Infeld parameter β tends to innity. To implement this sheme in presene of
gravity, the minimal oupling with the Hilbert-Einstein lagrangian an be onsidered,
with the ation given in the Eq.(18). It reads expliitly as follows:
A =
∫
d4x
√−g 1
mP l2
R + β2
(
1−
(
1 + Υ[φ˙(t), φ(t)]
)1/4√
1 +
4
9
Π2[φ(t)]
)
. (20)
The two funtions Υ[φ˙(t), φ(t)] and Π[φ(t)] are dened as follows:
Υ[φ˙(t), φ(t)] =
(
(1− β−2φ˙2(t))2 + 16
9
Π2[(φ(t)]
)
(21)
Π[φ(t)] = β−1φ(t)(φ(t)−
√
3γ) . (22)
Varying (20) with respet to the metri we get two osmologial equations:
a˙2(t)
a2(t)
+
k
a2(t)
=
1
3
β2
m2P l
{
β−2φ˙2(t)(1− β−2φ˙2(t))Υ− 34 [φ˙(t), φ(t)]
(
1 +
4
9
Π2[φ(t)]
)1/2
+
Υ
1
4 [φ˙(t), φ(t)]
(
1 +
4
9
Π2[φ(t)]
)1/2
− 1
}
, (23)
2
this an be observed while developing the expression (19) in a Taylor series as it will be shown in
the next setion
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whih is the energy equation (Friedmannn equation) and
2
a¨(t)
a(t)
+
a˙2(t)
a2(t)
+
k
a2(t)
= − β
2
m2P l
{
1−Υ 14 [φ˙(t), φ(t)]
}
, (24)
whih is the pressure equation.
The third equation is obtained varying the lagrangian with respet to the salar eld.
It an be shown that it oinides with the onservation equation for the energy momentum
tensor, namely the Bianhi identity [31℄. We have:
φ¨(t)
(
1 +
4
9
Π2[φ(t)]
){(
1− β−2φ˙2(t)
)2
+
16
9
Π2[φ(t)]
(
1− 3β−2φ˙2(t)
)}
+
+
4
9
φ(t)(φ(t)−
√
3γ)(2φ(t)−
√
3γ)
(
Υ[φ˙(t), φ(t)]
)
× (25)
×
(
3− β−2φ˙2(t) + 8
3
Π2[φ(t)]
)
− 6β−2φ˙2(t)
(
1− β−2φ˙2(t)
)(
1 +
4
9
Π2[φ(t)]
)
+
+3
a˙(t)
a(t)
φ˙(t)
(
1 +
4
9
Π2[φ(t)]
)(
1− β−2φ˙2(t)
)(
1− 2β−2φ˙2(t) + β−4φ˙4(t) + 16
9
Π2[φ(t)]
)
.
From the lagrangian or diretly from the osmologial Eq.(23) and Eq.(24) we nd that
the Higgs-type salar eld is haraterized by its energy density and the pressure term:
ρncbi = β
2
{
β−2φ˙2(t)(1− β−2φ˙2(t))Υ− 34 [φ˙(t), φ(t)]
(
1 +
4
9
Π2[φ(t)]
)2
+Υ
1
4 [φ˙(t), φ(t)]− 1
}
,
(26)
pncbi = β
2
{
1−Υ 14 [φ˙(t), φ(t)]
}
, (27)
whih allows us to write the barotropi fator as well
wncbi =
ρncbi
pncbi
. (28)
At the rst sight the system appears quite omplex. This is why, as a rst step in
what follows, we will perform a qualitative analysis of the model through numerial study
of the solutions. In this way it will be possible to get signiant onlusions about the
dynamis of the system and its osmologial interpretation.
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3.3 The Born-Infeld relaxed limit
We have seen that in the general ase the NCBI lagrangian (19) is haraterized by
means of two parameters like in the standard Higgs theory. However in this ase their
origin is stritly onneted with the non-abelian harater of the gauge eld and with the
Born-Infeld model itself.
One of these parameters, namely γ, omes from the non abelian harater of the Yang-
Mills theory and it is onneted with the saling of the non ommutative algebra. [7, 6℄.
On the other side, the parameter β arises in relation to the hoie of a Born-Infeld type
lagrangian for the gauge theory [14℄. It ats as the Born-Infeld typial threshold for the
eld intensity. The two parameters have dierent dimensions. In our formalism the NC
Yang-Mills gauge eld Ωµν whih also ontains the salar eld [7, 6℄ has the dimensions
of [cm]−1 as the salar eld itself and γ. This result indiates that one an onsider γ
as a mass-shell parameter of the salar eld imitating the typial mass parameter of the
Higgs eld. Regarding β it is easy to hek that (19) it has to be [cm]−2.
Now, to ompare with the linear limit of the NCBI lagrangian, we an develop it in
series of β. As expeted, the NCBI model shows, in the linear limit, a typial Higgs
behavior with a top hat" potential:
Lβ→∞ncbi =
1
2
φ˙2(t)−
√
2φ2(t)
(√
3
3
φ2(t)− γ
)2
+ o[
1
β
]2 . (29)
The shape of the potential depends only on the oeient γ, whih sets of the mass of
the salar eld. Of ourse the analogy with the Higgs eld is not omplete beause of
the Born-Infeld linear limit has no oupling onstant to ompare with the usual Higgs
setor. The dierent hoies of the values of parameters β and γ will generate not only
a whole spetrum of inationary behaviors of our model, but will also reate a possibility
for the aeleration as well.
4 The phase spae study
4.1 Preliminary Considerations
The eld equations of the NCBI model appear extremely ompliated and there is little
hope to solve them analytially. But qualitative analysis an be performed instead. To do
this we should analyze the phase spae of the system onsidering simultaneous evolution
of the sale fator and of the salar eld. We assume a at spae-time (k = 0 in Eq.
(23)-(24)), sine more and more results oming from the CMBR observations seem to
onrm the spatially at model. It also seems that this assumption is well supported by
other astrophysial data. After the COBE results of 1992 [24℄ other new data have been
obtained in the last years. The balloon-based experiments [25℄ and the 2003 the WMAP
satellite provided stringent estimates of the last sattering surfae anisotropies indiating
that the atual spatial urvature is very lose to zero.
12
A few more onsiderations will enable us to better understand the physial properties
of the NCBI model. Let us start with the analysis of the peuliarities of the NCBI uid.
Looking at the denitions of ρncbi and pncbi (26), (27) we an observe that the relation
between these quantities an be reast in a more signiant form:
pncbi = ρ
c
ncbi − ρncbi , (30)
introduing a sort of ritial ρcncbi energy density of the model dened as:
ρcncbi = β
2
{
β−2φ˙2(t)(1− β−2φ˙2(t))Υ− 34 [φ˙, φ]
(
1 +
4
9
Π2[φ]
) 1
2
}
. (31)
Now, ombining with the energy density, the relation (30) an be written as follows:
pncbi =
(
wcritncbi − 1
)
ρncbi , (32)
with wcritncbi =
ρc
ncbi
ρncbi
. This denition denes the properties of the NCBI uid.
One heks easily that the energy density an take on negative values whih will lead
to the so-alled ghost solutions. Taking into aount the regions of the phase spae {φ, φ˙}
where the energy density has only positive values we an dedue the onditions on the
equation of state of the uid in relation to the value of wcritncbi. In fat, depending on the
sign of this quantity, we shall get dierent situations as shown in the following table 1:
wcritncbi wncbi Cosmologial behavior φ˙
> 0 ]− 1 , 0 [ Inaton-like ]− β , β [
0 −1 Cosmologial onstant-like β
< 0 < −1 Phantom-like ]−∞ , −β [⋃ ] β , +∞[
Table 1: The osmologial behavior depending on the equation of state of the uid.
These results an be easily reovered looking to the denition (32). In the last olumn are
given the onstraints on the salar eld dening the dierent behaviors. From the deni-
tion of ρcncbi it is easy to observe that the sign of this term and then as a onsequene, the
positivity energy density, of wcritncbi is ruled by the term (1− β−2φ˙2(t)). As a onsequene,
the Inaton-like rate, the Phantom eet and the osmologial onstant-like behavior are
obtained if respetively φ˙ is between −β and β, when this quantity is out of this interval
or if φ˙ is equal to the NCBI parameter itself.
Let us now disuss the behavior of this model with respet to the various Energy Con-
ditions. Again, it will be possible to provide only qualitative and numerial alulations,
but they will allow us to dedue some interesting properties of the model. We know that
Energy Conditions an take on several forms. Eah of them will dene dierent regions
in the phase spae of the salar eld.
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The positivity of the energy density parameter is important sine it prevents the
system from possible vauum instability and rules out the ghost-type solutions. Imposing
suh a ondition selets a partiular region in the phase spae, see Fig. 1. Moreover,
the Weak Energy Condition ρncbi ≥ 0 and ρncbi + pncbi ≥ 0, is stritly related to the
dynamis of the eld sine the seond relation diretly aets the value of wncbi and rules
out supraluminal solutions.
The Dominant Energy Condition and the Strong Energy Condition determine some
areas of the salar eld phase spae {φ, φ˙} within whih these onditions are satised,
see Fig. 2. In partiular the values of φ , φ˙ violating the Strong Energy Conditions lead
to aelerating solutions.
The results are plotted in Fig. 1 and Fig. 2 for a partiular hoie of values of
parameters β and γ, but these plots an be easily generalized to other values of this
quantities yielding similar or slightly dierent shapes. The results obtained from the
imposition of the Strong Energy Condition are interesting, too. In suh a ase the
positive value regions are dened around ertain values of the salar eld, with large
areas outside where this ondition is violated. This implies that in order to ahieve
aelerated regime in the later stages the salar eld does not neessarily need any ne
tuning of initial onditions.
Figure 1: This graph shows the allowed region in the plane {φ(t), φ˙(t)} dened by the Weak
Energy Condition. The plot is obtained in the ase of mpl = 10, β = 10
−1mpl and γ ∼ mpl.
The left part shows the energy density urve, the regions inside the urve orrepond to negative
values, whih beome positive outside. The right panel shows the ondition ρncbi + pncbi > 0,
whih are positive between the two straight lines and negative outside. The φ˙ = 0 line gives a
osmologial onstant behavior as implied by the Eq. (31).
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Figure 2: The plot showing the domain in the phase spae satisfying the Dominant Energy
Condition (left) and the Strong Energy Condition (right). The plot orresponds to the hoie
of mpl = 10, β = 10
−1mpl. The left graphi is not inuened by the hoie of dierent values
for the parameter γ if β is set.h e Strong Energy Condition modies the ontour plots. The
three dierent urves in the right part refer to: γ ∼ mpl (solid), γ ∼ 10−1mpl (dashed) and
and γ ∼ 10−2mpl (dot-dashed). The inner regions orrespond to positive energy values while
the external ones are negative and provide suitable initial ondition for aelerating dynamis.
4.2 Critial points
Let us now investigate the dynamial properties of the NCBI salar eld. In terms of
relevant variables only, the system evolves in a four dimensional spae (a(t), a˙(t), φ, φ˙(t))
whih an be redued to a three-dimensional set. In fat, in a spatially at ase it is
possible to introdue the Hubble parameter as an independent variable and to study the
three-dimensional phase spae (H, φ, φ˙) (here and in the following we neglet the expliit
time dependene of dynamial variables). Furthermore, the Friedmann equation provides
a surfae in this three dimensional spae, implying that the relevant dynamis an be
followed on this two-dimensional surfae.
However, due to the omplexity of the model, it is impossible to get an expliit
expression of both H and φ˙. To overome this problem, a reasonable approah is to solve
the eld equations numerially and to reonstrut the phase spae urves for several
values of parameters.
The rst thing to do while performing a qualitative study is to nd the ritial points
of the system. The ritial points of the salar eld an be obtained by solving Eq.(25)
with φ˙ = 0 and φ¨(t) = 0, they are obtained the three values φ = 0, γ
√
3/2 or γ
√
3.
On the other side, the ritial points of the full system are obtained onsidering also the
other eld equations. From the osmologial point of view they orrespond to de Sitter
solutions with onstant salar eld. The general situation an be summarized as follows:
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(H, φ) =


(0, 0) Minkowski ,
((
1
3
β2
m2
Pl
(
(1 + β−2γ4)
1
2
(
1 + β
−2γ4
4
) 1
4
)
− 1
) 1
2
, γ
√
3
2
)
de Sitter ,
(
0, γ
√
3
)
Minkowski .
(33)
The rst and the third xed points orrespond to trivial Minkowski spaes [32℄. In fat
from the denition of the energy density (26) and pressure (27) we see that in these ases
both do vanish. In other words there is no soure for dynamis and the system redues
to a Minkowski spae-time.
The seond xed point is a typial de Sitter solution with the equation of state for a
salar eld of the osmologial onstant type. The energy density is dierent from zero
and provides a soure for the exponential expansion:
ρdeSitterncbi = β
2
{(
1 + β−2γ4
)1/2(
1 +
β−2γ4
4
)1/4
− 1
}
. (34)
As we will see later, in our model this solution is no more an attrator in the usual
sense. In fat, there are some values of the parameters for whih phase trajetories deviate
from the de Sitter solution even if the initial onditions are taken very lose to this xed
point. This result does not agree with the the No-Hair Theorem [34℄ whih holds for
general osmologial models ontaining salar eld, as demonstrated in [32℄ both with a
minimal and a non-minimal oupling ases. Similar results onerning the dynamis of
a Born-Infeld salar eld system have been reently obtained in [33℄.
The interpretation of the salar eld xed points beomes obvious with the Born-
Infeld relaxed limit analyzed in the previous setion. It is easy to hek that the two values
φ(t) = (0,
√
3γ) orrespond to the true vauum onguration of the top hat potential
in Eq.(29) while φ(t) =
√
3/2γ orresponds to the unstable false vauum" state. In
what follows, we shall sometimes refer to these states as with the usual double-well Higgs
potential. Let us now analyze the stability of the xed points. We an rewrite the NCBI
lagrangian (19) in a new form and resale the salar eld by substituting φ→√3φ:
Lncbi = β

1−

(1− 3 φ˙2
β2
)2
+
16φ2 (−γ + φ)2
β2


1
4
(
1 +
4φ2 (−γ + φ)2
β2
) 1
2


In the viinity of singular points we observe behaviors similar to those of a salar eld
minimally oupled to gravity [35℄, with energy density given by:
ρ = b(
1
2
φ˙2 +
1
2
m2φ2) + ρ0 . (35)
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For eah xed point, the parameters m2 and ρ0 should be expressed in terms of the
parameters β and γ (the parameter b is not relevant for the stability analysis). We just
saw that for the Born-Infeld salar eld there are the three xed points (33), whih in
terms of the salar eld variables φ, φ˙ are given by (φ = 0, φ˙ = 0), (φ = γ, φ˙ = 0) and
(φ = γ
2
, φ˙ = 0).
Now, linearizing the equations of motion around these xed points and evaluating the
orresponding Jaobian matries, we infer the exat harater of eah singular point [36℄.
For the two asymptoti Minkowskian solutions, that is at the points (φ = 0, φ˙ = 0) and
(φ = γ, φ˙ = 0), we nd that
m2 = 4γ2 ρ0 = 0 . (36)
whih orresponds to a stable point with eigenvalues in the (φ, φ˙) plane: λ± = ±i2γ,
both omplex. In the ase of the point (φ = γ
2
, φ˙ = 0) we nd
m2 = −2γ2
(1 +
γ4
2β2
)
(1 +
γ4
4β2
)
ρ0 =
(
1 +
γ4
β2
) 1
4
√
1 +
γ4
4β2
− 1 . (37)
Hene, beausem2 is negative, it orresponds to an unstable point, and the eigenvalues
in the plane (φ, u) are:
λ+ =
3H0
2
(
√
1− 4m
2
9H20
− 1) > 0 λ− = −3H0
2
(1−
√
1− 4m
2
9H20
) < 0 (38)
with H0 =
√
κ2
3
ρ0. In terms of β and γ, the eigenvalues take on the following form:
λ+ =
3
2
√
6
√√√√−2 + (1 + γ4
β2
) 1
4
√
4 +
γ4
β2
×

−1 +
√√√√√1 + 32 γ
2 (2 β2 + γ4)
3 (4 β2 + γ4)
(
−2 +
(
1 + γ
4
β2
) 1
4
√
4 + γ
4
β2
)

 (39)
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λ− =
−3
2
√
6
√√√√−2 + (1 + γ4
β2
) 1
4
√
4 +
γ4
β2
×

1 +
√√√√√1 + 32 γ
2 (2 β2 + γ4)
3 (4 β2 + γ4)
(
−2 +
(
1 + γ
4
β2
) 1
4
√
4 + γ
4
β2
)

 (40)
The most interesting feature for the stability study is the sign of λ+ and λ− whih
is not easy to determine. However, after the expansion in powers of β for λ± these
expressions are onsiderably simplied:
λ+ =
√
2γ − 3
4
√
γ4
2β2
+ o(
1
β2
) λ− = −
√
2γ − 3
4
√
γ4
2β2
+ o(
1
β2
) . (41)
4.3 Numerial Analysis
Our dynamial system is haraterized by three parameters β, γ, mP l, whih in the
ase of at spae geometry determine it ompletely. However it is obvious that only two
of them are independent. To perform the numerial analysis we have onsidered β, γ
in terms of the normalized Plank mass. In order to explore a dimensionally uniform
parameter spae we onsider 1/β, 1/γ2, 1/m2P l
3
.
The parameters β and γ annot take on arbitrary values if we have to satisfy the
following physial requirements:
i) the harateristi Born-Infeld parameter annot be higher than the squared Plank
length, i.e. β . m2P l;
ii) the mass parameter also an not be greater than the Plank mass, i.e. γ2 . m2P l.
Taking into aount these onstraints we have explored the spae of the parameters
onsidering a domain ranging from frations of the Plank onstant to its entire value.
To perform a numerial analysis we have xed the value ofmP l at 10, so that the essential
features of the phase spae behavior an be learly displayed. To give a piture of the
results we have onsidered β ∈ [10−2m2P l , m2P l] (namely with mP l = 10, 1/β ∈ [10−2, 1])
and γ ∈ [10−2mP l , mP l] (1/γ2 ∈ [10−2, 100]).
The denition of the lagrangian and the eld equations impose some natural on-
straints in the phase spae {φ , φ˙}. The lagrangian (19) ontains an even root term, this
means that the term under the root must be positive. Indeed it is as it is a sum of two
squared terms. Let us look at the eld equations. The Friedmannn equation (23), in the
spatially at ase we are onsidering, implies the positivity of energy density ρncbi ≥ 0.
3
We remember that the Plank mass has the dimension of [cm]−1, while the Born-Infeld parameter
has the dimension of [cm]−2 and the mass parameter γ has the dimension of [cm]−1.
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This gives the rst onstraint on the phase spae of the salar eld as we already saw
in Fig.1. Let us also note that there are no divergenes in the denition of the energy
density and that it remains always nite.
Considering now the pressure equation (24) we observe that the only onstraint is
again the positivity of the funtion under root, but it leads to the same onstraints as
those imposed by the lagrangian itself.
The analysis of the salar eld equation (25) is more omplex. Here we observe that if
the funtion multiplying the φ¨(t) term is zero than the term φ¨(t) an beome divergent.
This implies, as in the ase without gravity [6℄, that there exists a harateristi urve in
the phase spae where the solutions for the salar eld beome divergent in a nite time.
This problem an be ured if all other terms in the equation simultaneously vanish. This
allows φ¨(t) to remain nite and provides some rossing points in the phase spae on the
separatrix were the system an go beyond this urve. The singular urve 'separatrix) is
given by the following relation:
(
1 +
4
9
Π2[φ(t)]
){(
1− β−2φ˙2(t)
)2
+
16
9
Π2[φ(t)]
(
1− 3β−2φ˙2(t)
)}
= 0 . (42)
Now, omparing with the pure Higgs eld ase studied in [6℄ there is an obvious and
important dierene. The presene of gravity, whih indues the new onstraint ρncbi ≥ 0
implies the absene of rossing points over the divergene urve.
With the allowed regions thus dened, the following step is to plot the harateristi
urves generated by the salar eld equation. The osmologial evolution of the model
and the sale fator behavior are driven by the salar eld dynamis.
At this point we are ready to perform a numerial study of the system. In the follow-
ing we will present the results for three ombinations of parameters expressed in terms
of the Plank mass:
Case: β = m2P l.
The system displays similar phase trajetories for all values of mass parameter (we plot
the ase γ ∼ mP l and γ ∼ 10−1mP l). The salar eld shows a spiralling behavior ending
up in one of the two stable xed points.
The time evolution on phase trajetories is from left to right. For smaller values of
γ the allowed region around the xed points beomes narrower. This is understandable
beause the mass parameter in the standard φ4(t) theory ontrols the width of the poten-
tial. One obvious dierene with the ase analyzed in [6℄ is the spiraling behavior. This
eet is due to the presene of a frition term in the salar eld equation oming from the
gravitational interation. The pure Born-Infeld regime is reovered when one inreases
the values of the Plank mass (equivalent with a derease of gravitational oupling) and
xes the other parameters. On the other side if one inreases the β parameter the eet
is to widen the allowed domain along the φ˙(t) diretion. This transforms the system into
the standard Higgs ase in presene of gravity obtained in the relaxed limit (18).
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Figure 3: Phase spae of the salar eld in the ase β = m2P l with γ ∼ mP l and γ ∼ 10−1mP l.
The dashed urve is the onstraint obtained by the Weak Energy Condition (as yet seen in
Fig.1), while the lighter one is the harateristi urve due to the salar eld equation. We show
only some harateristi urves sine for other initial onditions the shape is analogous.
A partiular result visible in Fig.(3) is that the physially signiant dynamis is
onstrained to a very small region around the xed points. All the trajetories with
dierent initial onditions interset the singular urve in a nite time. This entails a
singular behavior for the sale fator thus exluding suh solutions. It is easy to nd
the ases in whih it is possible to get inationary behavior. In general (see Tab.2)
non-linearities ombined with a small enough mass parameter make the salar eld roll
down too quikly, never attaining a slow rolling regime. This implies that the sale fator
follows a power law regime sine the beginning.
This onlusion results from examining the slow rolling parameter ε = − H˙(t)
H2(t)
[29℄. It
is well known that this parameter should be signiatively smaller than 1 throughout all
the inationary expansion.
In the ases γ ∼ mP l, γ ∼ 10−1mP l and γ ∼ 10−1mP l with a slow rolling-type initial
ondition from the top of the unstable xed point, it is possible to get inationary
evolution with the right power law phase transition at a given stage.
Case: β = m2P l/10.
We examine the plot with γ of the same order of the Plank mass. This plot is quite
interesting sine it is lear that the two stable xed points dene two separate regions
between whih there are no trajetories. The other ases with smaller values of the mass
parameter reall quite similar shapes to the previous ase.
Around the two xed points there are stable spiralling solutions. The trajetories starting
from the unstable xed point hit the singular urve in a nite time. They desribe losed
lines broken by the harateristi urve. If the initial veloity is small enough, the salar
eld remains in the unstable ritial point for a long time and then it joins again the
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Figure 4: Phase spae of the salar eld in the ase β =,m2P l/10 with γ ∼ mP l. The dashed
urve is the onstraint imposed by the Friedmann equation, while the thinner one is due to
the salar eld equation. We limit the number of solutions plotted to make the results learly
visible.
harateristi urve in nite time sine the remaining part of the phase spae is forbidden.
This provides an innite inationary solution of osmologial onstant type. It is obvious
that in this ase the de Sitter solution is no more an attrator. The initial onditions
taken lose enough to the unstable xed point instead of providing inationary de Sitter
like solutions give power law trajetories whih never ollapse into the stable vauum
state interseting the φ¨ =∞ urve instead.
In other ases the behavior is similar to the previous ase with β = m2P l. Again
no ination is observed, and the slow rolling parameter ε is always greater than one.
On the other side the phase spae obtained with γ = 10−1mP l provides the physial
ondition ensuring ination and it remains similar to the one shown in Fig.(3). All
possible osmologial behaviors of the model are given in Tab.(2), also for the values of
parameters not onsidered in the plots.
We have tested also the amount of ination provided by the NCBI model. Via nu-
merial evaluation of φ(t) it was possible to alulate the winding number of trajetoriy
by means of the relation
N ≡ ln a(tend)
a(tinitial)
=
∫ te
ti
H dt . (43)
We see that the NCBI salar model an generate the right amount of ination (more than
60), if proper slow rolling onditions are imposed. The expansion rate of this model is
lower than the one obtained with the orresponding Born-Infeld relaxed lagrangian (29).
Case: β = 10−2m2P l.
This ase represents the strong Born-Infeld limit in relation to the small value of the
Born-Infeld parameter. The shape of the phase spae is similar to the ones proposed
before, with the big feature that the allowed region is strongly onstrained. From the
osmologial point of view the behavior is quite the same of the ase with β = 10−1m2P l.
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mP l = 10 β → 10m2P l m2P l 10−1m2P l 10−2m2P l 10−3m2P l 10−4m2P l 10−5m2P l
γ → mP l/
√
3 − + + + + − −
mP l10
−1/
√
3 − + + + + + −
mP l10
−2/
√
3 − + − − − − −
mP l10
−3/
√
3 − − − − − − −
mP l10
−4/
√
3 − − − − − − −
mP l10
−5/
√
3 − − − − − − −
mP l10
−6/
√
3 − − − − − − −
Table 2: A summary of the apability of providing ination for the NCBI osmologial model.
The ombination of parameters allowing ination are indiated with a sign +, the wrong ones
whit a −. It is obvious that this model an provide ination only if the mass of the salar eld
is lose the Plank mass. With small values of β we get the strong BI regime, it appears that
in this ase only some partiular onguration of parameters allow ination.
In relation to the variation of γ is possible to obtain ination only for some ondition of
the mass parameter. In Fig.5 we show two ases, again the solution γ = 10−1mP l shows
a partiular behavior as in preedene, the following osmologial properties are similar
to the previous ase. Another interesting phenomena appears even in the seond plot
when the mass-shell of the salar eld is lose to the Plank sale. In suh a ase the
wrapping of the phase lines evolves moving around both the two stati xed points while
the stationary onguration is ahieved ending in one of this points in relation to the
initial ondition without any partiular rule, see Fig.6. This happens for initial onditions
whih are hosen for all the three xed points with several values of the veloity φ˙.
Interesting plots are shown in Fig.7. In this ase a onguration of the parameters
is hosen in suh a way that the gravitational oupling happens to be relaxed while
the BI oupling is strong. The net eet is that the spiralling behavior around stable
xed points in the left plot of Fig.5 is more similar to the one proposed in [6℄. Closed
trajetories shown in absene of gravity are no more possible due to the frition term
and are transformed into spirals. No signiant dierenes are found with the variation
of the mass parameter.
The simultaneous evolution of the osmologial sale fator a(t) (through its logarith-
mi derivative with respet to ln t) and of the salar eld φ is displayed in Fig. 8:
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Figure 5: Phase spae of the salar eld in the ase β = m2P l/100 with γ = 10
−1mP l and
γ = 10−2mP l. In the seond plot the region in the middle of the urve trajetories (small values
of φ˙, left in white) has been plotted in detail in gure 6. It is obvious a behavior similar to
the one found in [6℄ aeted by the spiraling shape of the trajetories due to the gravitational
interation.
Figure 6: The detail of the previous plot, it is showed how the wrapping of the solutions
in proximity of the ritial points hanges in relation to the initial onditions, left side φ =
0, φ˙ = 0.16 and right φ = 0, φ˙ = 0.18. This behavior is alternated, for φ˙ = 0.36 the
solutions onverges to φ = 0 while for φ = 0.6 again versus φ = 0.33.
Figure 7: The phase portrait in the ase of low gravitational oupling. A strong similarity is
found with the results of [6℄. The gravitational interations break the steady state onguration
of solutions; the thikness of the line is due to the very slow spiralling of the trajetory.
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Figure 8: The simultaneous evolution of the Hubble parameter and of the salar BI eld. The
last graph is the phase spae plot of φ, φ˙; the trajetory is spiralling towards the singular point.
5 Disussion and onlusions
In this paper we propose the osmologial analysis of a NCBI model obtained from the
matrix realization of a non-ommutative geometry. This study represents the gravity
oupled generalization of a model proposed in [6℄. To determine the osmologial proper-
ties of the model and its physial relevane in this sense we have investigated numerially
the NCBI salar eld dynamis onstruting its phase spae harateristi urves. The
osmologial results, in relation to several values of the parameters, are summarized in
Tab.(2).
It is possible to observe that there are dierent behaviors, but in any ase ination
an be reovered when the mass of the salar eld is lose to the Plank mass. A relevant
dierene with the φ4(t) limit, is that the obtained amount of ination is smaller, although
enough to solve the several shortomings of the standard osmologial models.
The salar eld shows a phase spae whih is similar to the standard ase, without
a BI ut-o, if β is big in omparison to the other parameters. In the other ases the
dynamis develops inside a onstrained region around the ritial points. However, the
bounded regions distintive of the Born-Infeld free theory [6℄ are lost beause of the
presene of the osmologial frition term. A shape similar to the pure BI ase an be
observed in Fig. 7, but it is obvious a slow spiralling rate of the trajetories as a slowly
deaying in the stable vauum minima.
The most important dierene with the standard ase is that in the BI realm all
the dynamis is always onstrained inside a well dened region. This is a persisting
feature whih an be found in all phase spae plots. Sine for a strong BI oupling the
physially signiant region is very redued both in the veloity and in the salar eld
values, this means that suh a framework possesses an intrinsi ondition that the salar
eld should move starting only near the ritial points. This is more obvious when the
Born-Infeld parameter is small. All other initial onditions will provide trajetories whih
will interset the singular line in a nite time leading to physially meaningless solutions.
In some sense this approah ontains in itself a partiular hoie of initial onditions
without any ne tuning proedure.
In order to deide whether the salar NCBI model is a viable approah of ination, still
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a large amount of work is needed, above all with respet to the observational preditions
of the model. It should be interesting to verify whether suh a model an represent a
good andidate for the quintessential ination [37℄. It is interesting to ask if the high
non-linearity of the NCBI approah an preserve safe ontributes even in the late time
epoh able to generate a driving fore for the new aelerating phase of osmi expansion.
These questions remain beyond the sope of the present paper.
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